The text demonstrates out-of-sample performances of minimum variance portfolios in the German stock market in the period 2002-2015. Because of two huge drawdowns on equity markets in the period 2000-2010, scholars and professionals have tried to find an alternative to the marketcap weighted investing; potentially the minimum variance investing approach. The paper presents the construction of minimum variance portfolios, the description of their compositions and empirical risk-return characteristics under various holding periods. As anticipated, minimum variance portfolios have lower risk vis-à-vis the CDAX index, but they have also higher returns. Finally, minimum variance portfolios have better risk-adjusted performance figures in comparison with equal-weighted alternatives.
Introduction
The investment process has long been studied by academics and professionals. One of its parts is the portfolio construction activity. It was first demonstrated by Markowitz (1952) who formally showed relations between risks and returns in an optimization way. The result is the efficient frontier constructed by efficient portfolios. Those investment opportunities have maximum expected returns with a given level of risk or minimum variance of returns with a given level of portfolio yield. Portfolios which do not have those parameters are inefficient and dominated. Efficient portfolios are also called mean-variance portfolios and the efficient opportunity with the lowest risk is the minimum variance (volatility) portfolio. Other financial economists further improved the Markowitz`s theory. Tobin (1958) and Sharpe (1964) added a risk-free asset which results in a linear efficient frontier -the Capital Market Line (CML). New efficient portfolios contain combinations of risky assets and the risk-free asset. The only efficient opportunity, which contains only risky assets, is the market portfolio. It both lies on the CML and the efficient frontier of Markowitz. With the development of Fama's Efficient Market Theory, many started to believe that a marketcap weighted portfolio (index) is a market portfolio and thus an efficient investment in the risk-return world. This resulted in launching index funds and ETFs by professionals in last decades.
The disappointing performance of market-cap weighted indices in the lost decade (2000) (2001) (2002) (2003) (2004) (2005) (2006) (2007) (2008) (2009) (2010) forced investors and academics to think about an alternative investment approach. High volatility and two huge bear markets (the "dot.com bubble" and the financial crisis period) negatively impressed traditional index investors. Perhaps the renewal of the minimum variance concept is a potential solution. Due to the computational technology development, the portfolio optimization is today easily applicable in comparison with the period 50 years ago. The advantage of creating a minimum variance portfolio is the property that an investor does not need to forecast individual security returns. He is interested only in the risk minimization.
A pioneer analysis of the minimum variance strategy is described in Haugen and Baker (1991) . Authors tried to measure the performance of the minimum variance portfolio. They argue that a market-cap weighted portfolio is efficient only if a set of assumptions is satisfied: all investors agree about the risk and the expected return for all securities; all investors can short-sell all securities; there are no taxes on security returns; an investment opportunity set for all investors holding any security in the index is restricted to the securities in the market-cap portfolio. Naturally, those conditions are very strong and probably not satisfied in reality. Authors created minimum variance portfolios from a population of 1000 of the largest stocks in the U.S. market for every quarter in the period [1972] [1973] [1974] [1975] [1976] [1977] [1978] [1979] [1980] [1981] [1982] [1983] [1984] [1985] [1986] [1987] [1988] [1989] . They concluded that the minimum variance portfolio had lower risk and same/higher return than the market-cap weighted portfolio (Wilshire 5000) and described the strategy of investing in a market-cap weighted index as an inefficient approach. Clarke, de Silva and Thorley (2006) improved the previous work by a longer period studied and other methods of covariance matrix estimation. Their results are similar to Haugen and Baker. A different study, Jagannathan and Ma (2003) , reported that a minimum variance portfolio out-of-sample performed better than other mean-variance portfolios if historical average returns are used as expected returns. Scherer (2010) studied minimum variance portfolio characteristics. He confirmed that minimum variance portfolios tend to have low beta and low volatility stocks. Others also documented characteristics of the minimum variance investing approach: Baker, Bradley and Wurgler (2011) measured and compared the minimum variance portfolio performance with characteristics of stocks sorted by volatility. Clarke, de Silva and Thorley (2011) wrote a paper about the minimum variance portfolio composition.
The text focuses on equities from the German stock market. The objective of the article is to construct minimum variance portfolios and report their empirical characteristics. We first describe the data and methodologies. Then, we demonstrate empirical results concerning minimum variance portfolios; and finally we discuss and conclude the text.
Data and Methodology
The analysis uses constituents of the CDAX index (a market cap weighted portfolio) which represents the German stock market. It includes all domestic companies listed in Prime Standard and General Standard, i.e. all firms listed on the Frankfurt Stock Exchange. The source of data is Bloomberg. The period studied is from March 2002 to March 2015. We use monthly total returns.
We apply the traditional model of Markowitz with additional constraints to create minimum variance portfolios. The variance of portfolio returns (proxy for risk) is minimized:
Where σ 2 p is the variance of returns of portfolio p, σ i,j is the covariance between returns of asset i and asset j, w i is the weight of asset i in the portfolio and N denotes the number of assets in the portfolio.
The variance is optimized without the need of individual security return estimation. In general, the portfolio yield is:
Where R p is the return of portfolio p and r i is the return of asset i. We assume some fixed constraints: 1. The maximum weight of an individual security in the portfolio is 5% 2. The sum of weights of all stocks in the portfolio is 100% 3. The maximum weight of an industry in the portfolio is 20% 4. The minimum weight of an individual security is 0% It means that our minimum variance portfolios are fully invested in stocks and short sale opportunities are restricted. We create 3 minimum variance portfolios. The first one can invest in the top 200 stocks sorted by market capitalisation. The second one can invest in the top 100 stocks sorted by market cap; and finally the last one can invest only in the top 50 stocks sorted by market cap.
At the end of each quarter from March 2002 through December 2014, minimum variance portfolios are created. A stock can be selected in a portfolio if a set of conditions is satisfied: 1) It is a common stock; 2) It is a constituent of the CDAX index as of the formation date (end of quarter); 3) It has a history of returns for at least 60 months as of the formation date; 4) It is present in the top 200 (top 100 and top 50) stocks sorted by market cap as of the formation date. Conditions are specified for a reasonable comparison to the CDAX index, the estimation of a covariance matrix and to minimize the effect of look-ahead bias. It means that we estimate covariance matrices (52 quarters) with 60 months of historical return data. Due to the same number of stocks at the end of each quarter (top 200, top 100 and top 50), the number of elements in matrices does not change. Then we minimize (optimize) the risk function with estimated covariance matrices and our constraints. The optimizer quantifies weights of stocks. We repeat the optimization procedure as of the end of each quarter. Finally, portfolio returns are measured. If a stock disappears from the sample during a quarter (for example because of end of quotation on the exchange), we substitute its empty return fields by the average of returns of the industry the stock came from until the next formation date. Thus, we sort 200 highest market cap stocks in 10 industries and calculate average returns of industries each month. Because of a very low number of stocks in the Energy industry during the analysed period, we substitute its returns by the Utilities industry returns.
After the construction and performance measurement process, we can compare our minimum variance portfolios (MVP) to the market cap weighted CDAX. We also form equalweighted portfolios (for the top 200, the top 100 and the top 50 sorted by market cap) containing stocks satisfying requirements described above for an alternative comparison. This can be considered as a naive diversification approach. An empirical research provided by DeMiguel, Garlappi and Uppal (2009) concluded that a portfolio with an equal-weighted allocation was the best performer between 14 different strategies in the Sharpe ratio context. Below in the text, we present empirical characteristics of those equal-weighted investments (EWP).
We demonstrate returns with arithmetic and geometric averages. Standard Deviations and Betas are considered to be risk variables. Alphas and Sharpe ratios act as risk-adjusted performance figures. Alphas and betas are estimated with a classical regression equation used also by Jensen (1968) :
Where R p,t is the portfolio return in time t, R f,t is the risk-free rate proxy (EURIBOR 1M Deposit) in time t, R m,t is the return of the market portfolio proxy (CDAX index or the EWP) in time t, α p and β p are parameters to be estimated and u p,t are residuals. The classical t-ratio (t-statistic) is used to test the null hypothesis H 0 : α = 0. Finally, we also show cumulative returns throughout the whole period tested.
Empirical Results
Historical measures of minimum variance portfolios are presented in Table 1 . We also show results of the CDAX index. Characteristics of equal-weighted portfolios are demonstrated in Table 2 . In general, all selected portfolios are less risky than the CDAX index. They have lower standard deviations and betas in comparison with CDAX index measures. The volatility of the top 200 MVP is about 60% lower than the standard deviation of the index. We measure two types of Betas and Alphas: The first one considers the CDAX (Beta (CDAX) and Alpha (CDAX)) as the market proxy and the second type considers equal-weighted portfolios (Beta (EWP) and Alpha (EWP)) as the market proxies. The Beta (CDAX) parameters of all minimum variance portfolios are below 0.55 which indicates a huge reduction in systematic risk. All MVPs have higher returns and lower risk variables in comparison with the CDAX index. In the riskreturn context, it seems that the CDAX index is an inefficient investment opportunity. Highest Sharpe ratios were produced by MVPs. In the case of our minimum variance portfolios we reject the null hypothesis in alpha measures vis-à-vis the CDAX index. It means that the excess returns of our portfolios are significantly different from those of the CDAX index. We are able to reject the null in the case of the top 100 and top 50 MVPs, if we consider equal-weighted portfolios as market proxies. The highest cumulative returns were produced by the top 100 equal-weighted portfolio (321.6%) and the lowest by the CDAX index (144.2%). It means that equal-weighted alternatives are more profitable but also more risky. Despite of this fact their risk parameters are lower than those of the CDAX index. When CDAX returns are positive MVPs rarely outperform (only 13% of all positive return months for the top 200, 21% for the top 100 and 32% for the top 50). In the case of negative index returns, the out-performance of MVPs is very strong. MVPs outperform in more than 85% of all negative return months. We report year-by-year returns (measured from the end of March of year Y to the end of March of year Y+1) in Table 3 MVPs report only two years of negative returns. This fact supports the idea that the CDAX is more risky, it out-performs MVPs in good times, but its losses in bad times are too high. Thus, the index is not able to have similar/higher returns in comparison with our MVPs. Note: Alpha (t-stat.) is the t-statistic (***, **, * denote rejection of the null at the 1%, 5% and 10% level of significance)
Source: Own analysis. Figure 1 is divided into two parts showing the comparison of realized rolling two years standard deviation of returns (calculated as 24 months trailing standard deviation) between portfolios and the CDAX index. All minimum variance portfolios had lower volatility risk throughout the period studied. The picture supports results in Table 1 -minimum variance portfolios are less risky than the CDAX index. We also plot standard deviations of equalweighted alternatives.
Cumulative returns of our investment opportunities are demonstrated in Figure 2 . We clearly see the effect of the optimization technique. Minimum variance portfolios did not have as wide fluctuations in returns as the index. The drawdowns in the financial crisis period were less painful for minimum variance portfolios. The top 200 MVP fell by 31%, the top 100 MVP fell by 33%, the top 50 MVP fell by 36% and a drawdown of 54% was measured for the CDAX index. Values of equal-weighted portfolios declined in a similar way (the top 200 EWP fell by 51%, the top 100 EWP fell by 49%, and the top 50 EWP fell by 50%). Minimum variance and equal-weighted portfolios were able to cover losses from bad times earlier than the CDAX index. The next figure plots our basic results in the risk-return world. Again, it seems that the CDAX is dominated by our minimum variance and equal-weighted portfolios. According to the basic relation between risk and return in traditional financial theories, one can expect that an investment opportunity is more profitable if it is also more risky. The figure below does not confirm this interpretation. We can point that the analysed period contains both bull and bear markets. As a more risky investment opportunity, it performs worse in bad times which is not necessarily against the classical financial economics story.
Figure 3 | Portfolios in the Risk-Return Space
Source: Own analysis.
Industries in portfolios
We divided stocks in ten industries. Thus, we can present figures concerning the composition of minimum variance portfolios. Average and median weights of industries are shown in the Table 4 . Due to the industry diversification constraint, the maximum weight of an industry cannot breach 20%. On average, minimum variance portfolios have the biggest exposition towards stocks from Financial, Consumer and Utilities industries. One can see the lowest exposure in Diversified and Energy industries. Source: Own analysis.
Figure 4 | Cumulative Weights of Industries in the MVP (top 200) in the Period 2002-2015
Source: Own analysis. Figure 5 demonstrates the number of stocks selected in minimum variance portfolios in the analysed period. The average number of stocks in the top 200 MVP is 107; the average in the top 100 MVP is 49 and 28 stocks is the average in the top 50 MVP. We do not apply a turnover constraint. Thus, the number of securities sometimes changes widely from quarter to quarter. We now assume that investors have a longer holding period than one quarter. In reality, it means lower stock trading activity and trading fees. In the part of data and methodology description we pointed out that we launch the optimization at the end of every quarter. We also calculated other minimum variance portfolio performances in cases that the optimization is provided semi-annually (formation dates are ends of March and September) and annually (formation dates are ends of March). It simulates a situation where investors hold created portfolios for 6 or 12 months. Selected characteristics are reported in the Table 5 .
Other holding periods
The ability of results is similar to Table 1 . Highest average returns were produced by the top 100 MVP. The top 200 MVP opportunity has the lowest standard deviations for both 6 and 12 months of holding periods. All portfolios have higher average returns and lower risk parameters than the CDAX index. All Sharpe ratios are higher than the CDAX one. Top 200 and top 100 MVPs investments (both 6 and 12 months of holding periods) have higher Sharpe ratios than investments of the classical one quarter rebalancing frequency. Excess returns of all posted investments are statistically significantly different from excess returns of the CDAX index. If we consider equal-weighted alternatives 1 as market portfolio proxies, alphas are statistically significant only in the top 100 case. Highest cumulative returns were also produced by the top 100 MVP with 12 months of holding period. Unfortunately, we are not able to show the benefit of a longer holding period, which occurred in lower trading costs -we did not incorporate them in the analysis. 
An Alternative Explanation
Academic papers have documented better risk-return measures of minimum variance portfolios in comparison with market-cap weighted indices. What is the reason for this "pattern"? Scherer (2010) reported that 83% of the variation of minimum variance portfolio excess returns can be attributed to the Fama and French factors (see Fama and French, (1996) ): value and size (Fama and French (1992) documented higher than average returns of value and small cap stocks) and risk factors (beta and volatility). This fact can be related to the "low risk anomaly" described in Ang, Hodrick, Xing and Zhang (2006) , Blitz and van Vliet (2007) , or Baker, Bradley and Wurgler (2011) . These authors sorted stocks by different risk measures (residual risk, standard deviation or beta) and they demonstrated that low volatility and low beta stocks outperform high-risk stocks as well as the market proxy in the long-run with statistically significant results. Performances of low risk sorts/ 1 We also assume different holding periods when constructing equal-weighted portfolios.
portfolios cannot be explained by traditional financial theories. Ang, Hodrick, Xing and Zhang (2009) argued that low risk stocks tend to have lower analyst coverage and thus new information about those stocks are incorporated into prices more slowly. Baker and Haugen (2012) have an explanation concerning the investment process in asset management firms. Analysts tend to recommend popular stocks to their portfolio managers. This behaviour creates a demand by professional investors, which results in over-pricing of popular (volatile) stocks. Popular stocks are also more cited in financial media. Blitz and van Vliet (2007) argued that low volatility stocks are unattractive because of leverage restrictions. Baker, Bradley and Wurgler (2011) proposed a combined explanation. They showed two main drivers of the low-risk anomaly. The first one is the irrational behaviour of market participants. It seems that the preference for high-risk equities is influenced by behavioural biases. Authors demonstrated an examination of Preference for lotteries, Representativeness and Overconfidence biases. The second driver is related to the fact that investors used to manage portfolios relative to benchmarks. Baker et al. cited that 95% of U.S. mutual funds use a popular benchmark to manage their assets. The main objective of these professionals is to maximize the information ratio (the difference of expected returns of the portfolio and the benchmark divided by the tracking error). Authors mentioned that low-risk stocks have large tracking errors (unattractive IRs) in comparison with other "anomalies". Thus, benchmarking makes low-volatility shares to be a wrong bet for mutual funds. If those reasons persist, the low-risk anomaly is likely to survive. And characteristics of minimum variance portfolios will probably continue to be attractive, too. There is a group of institutional investors which is able also to have attractive performance figures and their portfolios do not need to be benchmarked. Musílek and Jeřábek (2015) studied the impact of hedge funds behaviour on equity markets. They reported that hedge funds have lower risk and higher returns in comparison with main world indices. One can ask a question: Do hedge funds apply the minimum variance strategy? We do not have an adequate answer. Hedge funds can use a various sets of investment strategies. The market-neutral strategy 2 can be related to the minimum variance approach, at least by working with a similar optimizing procedure used in our calculations. Investors would only reject the short-sale restriction, use leverage, and thus be able to construct a market-neutral portfolio, a beta-neutral portfolio or other "hedged" portfolios. Another idea can be applied: Buying low-risk stocks and shorting high-risk securities. An important problem occurs in back-testing the strategy when short sales are permitted. In reality, all stocks in the universe are not available to be shorted and there are also leverage restrictions.
For a comparison of our minimum variance portfolio strategy to the low-volatility anomaly, we create volatility quintiles. We work with the top 200 highest market cap equities. Thus, every quintile is invested in 40 stocks. At the end of every quarter, we sort stocks by their 60 months standard deviations and add them in 5 groups. Sort Q1 contains the lowest volatility stocks and the highest volatility stocks are in Q5 sort. Securities in quintiles are equal-weighted.
Empirical characteristics of quintiles are demonstrated in Table 6 which is posted in the same way as Table 1 . The highest volatility stocks group has the lowest return results. Risk measures (standard deviations and both CDAX and EWP betas) grow from Q1 to Q5. Sharpe ratios decrease from the lowest volatility stocks to the highest volatility securities.
2
A combination of long and short positions in different securities.
Except for Q5 group, all excess returns are statistically significantly different from CDAX excess returns. Q2 group has the highest cumulative returns. The top 200 MVP has lower returns, risks and also risk-adjusted performance results in comparison with Q1 group. Thus, the choice of agents to invest in the top 200 MVP or the Q1 sort depends on their objectives. If they prefer the minimum risk profile, the top 200 MVP will be the first best choice. Q1 group is better in terms of Alpha and Sharpe ratio. This kind of investment has one more advantage. It is easier to form it. Investors simply rank the market-cap top 200 stocks by historical standard deviations and choose 40 lowest risk stocks every quarter. In the case of minimum variance portfolios, they have to estimate covariance matrices and be able to use an optimizer. Figure 6 presents cumulative returns of quintiles and their characteristics in the riskreturn space. The structure of the risk-return profile is very similar as showed in Clarke, de Silva and Thorley (2013) . The lowest volatility stocks quintile is not the best performer, but it has the higher returns than the high risk stocks group. The difference in annualized compound returns between low and high risk stocks is 6%! We next calculate cumulative weights of each volatility quintile in the top 200 MVP (see Figure 7) . On average, 67% of the top 200 MVP is formed by stocks from the lowest volatility sort. If we consider Q1 and Q2 groups as low volatility stocks, the average allocation of the top 200 MVP in these securities is 83%! The average investment in the high risk stocks (Q4 and Q5) is only 8.5%. Thus, the minimum variance portfolio is strongly exposed to low volatility equities. According to Scherer's text, performances of minimum variance portfolios seem to be related to pricing anomalies. To be correct, it is useful to provide a warning about results presented in the text above. We do not incorporate fees for stock trading and bid-ask spreads, which reduce portfolio profits. Risk adjusted performance results are statistically significant, but one can consider the analysed period as a high volatility environment for equity investing. That should not be surprising that minimum variance portfolios generate large and positive alphas in this environment; and the period studied is 13 years, which is a short period in comparison with cited articles (cited texts reported similar results on other developed markets in a timehorizon of 40 years). It seems that the CDAX index is an inefficient investment opportunity in the riskreturn world in the period 2002-2015. The CDAX index is more risky than our minimum variance portfolios and thus one should expect a higher rate of return for this opportunity. The CDAX`s yield is lower. This fact simply contradicts the core of finance. On the other hand, we can expect a higher loss in bad time periods.
Cited texts show that market-cap weighted indices on other developed markets are also inefficient. Their results are more robust due to longer periods studied. So, let us pose the question: Why are market-cap weighted portfolios considered as market portfolio proxies? According to the basic portfolio theory, a market portfolio lies on the efficient frontier. Empirical works show us that is not the case for market-cap weighted portfolios (indices). They are dominated by other investment opportunities. Financial institutions investing in stocks also use market-cap indices as benchmarks (see Baker, Bradley and Wurgler, 2011) and try to track them. Thus, the result is the fact that their portfolios are inefficient and dominated. The objective of those institutional investors is to minimize the tracking error instead of optimize the risk-return profile using the available stock universe. It is correct to point out that a minimum variance portfolio is not a market portfolio proxy, but it can offer better risk-return characteristics than market-cap weighted alternatives in the longrun period. Perhaps it is time to think about reducing weights of market-cap weighted indices in benchmarks in favour of minimum variance portfolios, or at least invest a small part of equity funds in the minimum variance strategy. Scherer (2010) 
Conclusion
We studied minimum variance portfolios and their characteristics on the German stock market in the period 2002-2015. Those investment opportunities had both lower risk and the same or higher returns than the market-cap weighted CDAX index. Properties reported above are similar to other developed equity markets. In general, the minimum variance portfolio concept seems to be alive and applicable. Financial literature has presented better results of this strategy in comparison with the traditional market-cap weighted approach. Some practitioners have already launched new ETFs based on the minimum variance theory on developed equity markets. Thus, the strategy also starts to be available to retail investors.
